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Fig. 2 Bending-induced twist angle of CAS1 beam A acted upon by
4.45-N tip shear load.

Fig. 3 Bending-induced twist angle of CAS1 beam B acted upon by
4.45-N tip shear load.

sequences,induceddeformations,and slendernessratio.Neglecting
this effectby usinga St. Venant torsionalanalysiscangiveerroneous
results and signi® cant underpredictionof stresses in some cases.

Conclusions
The constrained warping effect is found to be signi® cant enough

to be included in the analysis of composite hollow beams in certain
circumstances. A small nondimensional warping decay parameter
( k L) gives a large critical length of constrained warping (xcr). This
lengthdependson thegeometryand the mechanicalpropertiesof the
beam. Larger xcr of composite hollow beams compared to isotropic
hollow beams indicates that constrained warping in composites is
of more signi® cance. A large slenderness ratio tends to mitigate the
effects of constrained warping. In one of the examples (slenderness
ratio = 8, k L = 25), the bending-induced twist angle was shown
to be reduced by 13% because of the constraint effect. Additional
stresses caused by constrainedwarping can be very high. An exam-
ple shows that maximum Nxs and Nx x at the support are higher by
26 and 143% than free warping.
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Nomenclature
A = matrix of aerodynamic forces
b = semichord
K = stiffness matrix
k = reduced frequency, x b/ u
M = Mach number
M = consistent mass matrix
p = eigenvalue
q = dynamic pressure, q u2/2
Ãq = nondimensionaldynamic pressure; Ãq 2 (0, 1)
u = airspeed
Äv = eigenvector
q = air density
X = diagonal matrix with free vibration frequencies
x = vibration frequency

Introduction

A LTHOUGH signi® cant advances have been made in the use of
nonlinear ¯ uid mechanics models for aeroelasticityanalysis,1

most analysis is still performed using linear unsteadypotential ¯ ow
models. Combining linear elastic structural dynamics with linear
unsteady potential ¯ ow, it is possible to analyze the stability of
quite complex aircraft structures by solving a nonlinear eigenvalue
problem. There are several different methods available for the so-
lution of nonlinear eigenvalue problems,2 and this Note focuses on
the convergencepropertiesof a particularmethod known as the p±k
method.

Assuming linear structuraldynamics, the equationsof motion for
an aircraft wing structure may be given in discretized form as

M Èv + Kv = f (t ) (1)

where the vector v 2 Rn denotes the nodal displacements of the
wing ® nite element model.

Assuming linear unsteady aerodynamics and transforming the
equations to the frequency domain gives the eigenvalue problem

[p2M + K ¡ qA(M , p)] Äv = 0 (2)

Following standardprocedures,2 the eigenvalueproblem is trans-
formed using a modal subspace into the nondimensionalform given
by

[ Ãp2I + X 2 ¡ Ãq ÃA( Ãp, M)]Ãv = 0 (3)

where Ãv 2 Rm and usually with m ¿ n. The nondimensionaleigen-
value Ãp is de® ned such that the imaginary part equals the reduced
frequency k.
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The signi® cant dif® culty with the eigenvalue problem (3) is that
the complex matrix of aerodynamic forces depends on both the
eigenvalue Ãp and the Mach number M .

p ± k Method
Perhaps the most popularmethod for solving the nonlineareigen-

value problem is the so-called p±k method. In this case, the aero-
dynamic forces are only computed for purely imaginary values of
Ãp giving the nonlinear eigenvalue problem

[ Ãq ÃA(Im Ãp, M) ¡ X 2 ¡ Ãp2I]Ãv = 0 (4)

The nonlinear eigenvalue problem is solved for given values of Ãq
and M representing a ¯ ight condition. The system is stable for the
¯ ight condition if all the eigenvalues Ãp have negative real part.

The eigenvalues are traced from vacuum ( Ãq = 0), where the
eigenvaluesare known, using Ãq as a continuationparameter for each
¯ ight condition. For each value of Ãq , the aerodynamic forces are
computed for the current approximation of the reduced frequency
k = Im Ãpl , and the new approximationto the eigenvalueis obtained
by solving

[ Ãq ÃA(k, M) ¡ X 2 ¡ ( Ãpl + 1)2I]Ãv = 0 (5)

The reduced frequencyis then set to the new value k = Im Ãpl+1 and
the process repeated for each eigenvalue until convergence.

Thissimplemethodhas repeatedlybeendemonstratedto beuseful
andappearsto be themost usedmethodin the aircraftindustrytoday.
However, the method is not without problems.

The ® rst and perhapsmost obvious de® ciency of the p±k method
is that convergence is sometimes very slow. It is usually suf® cient
with approximately 10 iterations to obtain a relative accuracy in Ãpi

of 10¡ 7. However, in some cases, even severalhundrediterationsare
not enoughto reach this accuracy.Apparently,it would be highlyde-
sirable to characterizewhat slows convergenceand perhaps improve
the robustness of the method.

A second dif® culty is that it may not be possible to trace all the
eigenvalues as functions of Ãq . The radius of convergence for the
p±k method may be very close to zero, meaning that very small
increments in Ãq may be required to trace all the individualeigenval-
ues. To illustrate this dif® culty, consider the root-locus plot shown
in Fig. 1.

The root-locusplot was obtained by solving the nonlinear eigen-
value problem using the basic p±k method with a very small in-
crement in Ãq of d Ãq = 10 ¡ 3 . The structure represents a cantilever
rectangular wing modeled as a full depth sandwich structure using
Mindlin plate ® nite elements for the structure and the doublet lat-
tice scheme of Albano and Rodden3 for the aerodynamic forces. A
detailed description of the test case is given in Ref. 4.

The initial eigenvalues for Ãq = 0 are shown with the £ symbol,
and the eigenvalues are then shown as dots for increasing Ãq . The
eigenvalues are numbered so that the eigenvalue with the smallest
imaginary part comes ® rst for Ãq = 0. It is clear from Fig. 1 that
eigenvalues Ãp3 and Ãp4 become very close for a particular value of
Ãq . For the next increment in Ãq the p±k method cannot distinguish

Fig. 1 Root-locus plot obtained using the basic p± k method: M = 0.8.

the two eigenvalues,and the algorithm converges to the same value
despite slightly different initial values for Ãp3 and Ãp4 .

Modi® cations to the Basic Algorithm
The basic p±k algorithm can be seen as applying a method for

univariate zero ® nding to the nonlinear equation

Im Ãp(k) ¡ k = 0 (6)

where Ãp(k) denotes an eigenvalue obtained by solving the linear
eigenvalue problem

[ Ãq ÃA(k, M) ¡ X 2 ¡ Ãp2I]Ãv = 0 (7)

for a given value of the reduced frequency k and a ® xed ¯ ight con-
dition.

Applying direct iteration to the nonlinear equation gives the al-
gorithm

k l + 1
= Im Ãp(k l) (8)

which is known to converge locally,5 provided that the condition

ê
ê
ê
ê
Im

d Ãp
dk

(k ¤ )
ê
ê
ê
ê

< 1 (9)

holds, where k ¤ denotes a solution to Eq. (6). Unfortunately, the
asymptotic convergence rate is only linear, meaning that

lim
l ! 1

j Ãpl + 1 ¡ Ãp ¤ j
j Ãpl ¡ Ãp ¤ j

=
ê
ê
ê
ê
Im

d Ãp
dk

(k ¤ )
ê
ê
ê
ê

< 1 (10)

Further, the basic algorithm does not converge if the derivative is
greater than one in magnitude, and convergence is extremely slow
if the derivative is close to one.

To illustrate that the derivative of Ãp with respect to k can indeed
be greater than one, consider the graph shown in Fig. 2. The eigen-
values Im p are shown as functions of the reduced frequency for
the wing described in the preceding section and a ¯ ight condition
with M = 0.7 and Ãq = 1. As expected, the basic p±k algorithm
converges extremely slowly on the two smallest eigenvalueseven if
a good initial approximation is provided.

However, it is possible to signi® cantly improve the convergence
rate by using Newton’s methods for solving the nonlinear equation
(6). Applying Newton’s method to Eq. (6) gives the algorithm

kl + 1 = kl ¡
Im Ãp(k l) ¡ kl

Im (d Ãp/ dk)(k l) ¡ 1
(11)

which converges to p ¤ if the initial approximation is suf® ciently
close. The important difference is that the asymptotic convergence
rate is quadratic,meaning

lim
l ! 1

j Ãpl + 1 ¡ Ãp ¤ j
j Ãpl ¡ Ãp ¤ j 2

= b (12)

where b is some constant.

Fig. 2 Imaginary part of the eigenvalues as functions of k: M = 0.7.
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Unfortunately, the basic Newton algorithm is not globally con-
vergent and needs to be combined with some safeguards to guar-
antee convergence from poor initial approximations. The safe-
guards are also needed to take care of the case when the derivative
Im (d Ãp/dk)(kl ) is 1 or close to 1. The implementation of a safe-
guardedNewton method is relatively straightforward;see Ref. 5 for
further details.

The improvement obtained using Newton’s method compared
with the basic p±k algorithm is dramatic. Only 5±10 iterations are
needed to obtain full machine precision for cases where the p±k
algorithm requires hundreds of iterations to obtain only modest ac-
curacy.

The derivative of the square of the eigenvalue is given by

d Ãp2

dk
= ÃvH

L [ Ãq
d

dk
ÃA(k, M)]ÃvR/ÃvH

L ÃvR (13)

where ÃvH
L denotes the Hermitian transpose of the left eigenvector

and ÃvR denotes the right eigenvectorto Eq. (7). The derivativeof the
eigenvalue itself is simply given by

d Ãp
dk

=
d Ãp2

dk / (2 Ãp) (14)

The derivative of the eigenvalue requires only a modest additional
computation because the derivative of the matrix ÃA(k, M) is easy
to obtain by differentiating the spline functions used to interpolate
the aerodynamic forces for arbitrary values of k.

It is also apparent from Fig. 2 that the number of solutions to the
nonlinear equation (6) may be more than the dimension m of the
eigenvalueproblem.The numberof eigenvaluesto Eq. (7) for a given
reduced frequency is always m, including possible multiplicities.
However, a single eigenmode may cross the line Im Ãp(k) = k more
than 1 time.

Figure 2 illustrates this case clearly. For k = 0, two modes have
Im Ãp = 0. But one of these two modes crosses the line Im Ãp(k) = k
again for k ¼ 0.16. Consequently, there are in this particular case
nine distinct roots to the nonlinear eigenvalue problem (4) with
m = 8.

The standard p±k procedureinvolvestracingtheeigenvaluesfrom
vacuum using the dynamic pressure as parameter. Unfortunately,
this implies that only m eigenvalues can be traced, meaning that
important roots to the nonlineareigenvalueproblem may be missed.

A muchbetterapproachis to followtheeigenvalues Ãp as functions
of the reduced frequency for a ® xed ¯ ight condition and dynamic
pressure. The number of eigenvalues for each value of k is known,
and the task is to establish the number of times the line Im Ãp(k) = k
is crossed.

The ® rst step of the algorithm is to establish lower k and upper
Åk bounds for the imaginary part of each eigenvalue that is a root
to the nonlinear eigenvalue problem (4). The eigenvalues to the
linear eigenvalueproblem (7) are ® rst found for k = 0. The number
of eigenvalues with Im Ãp(0) = 0 are stored as roots to Eq. (4).
Such eigenvalues come in pairs with real part §Ãp(0). There are
two such eigenvalue pairs for the case shown in Fig. 2.

The derivativeequation (14) is then computed for k = 0 and used
to establish whether any of the eigenvalues with Im Ãp(0) = 0 will
cross the line Im Ãp(k) = k for k > 0. If the derivative is greater
than 1, the eigenvalue will cross the line for k > 0. In Fig. 2,
one eigenvalue has a derivative greater than 1 and the other has a
derivative less than 1. Consequently, there will be at least m + 1
roots to the nonlinear eigenvalue problem (4).

The algorithmfor establishing the lower k and upper Åk bounds is
essentiallybisection.An initialstepk = D k is taken,theeigenvalues
Ãp(k) are computed and sorted with respect to imaginary part, and
the numberof modes crossing the line Im Ãp(k) = k is established.If
the number of crossings nc is zero, a new step k = k + D k is taken.
If nc = 1, upper and lower bounds have been found. Finally, if
nc > 1, the step is reduced as D k = D k/2. The process is repeated
until the lower and upper bounds have been found for k in the range
[0, kmax].

Fig. 3 Root-locus plot obtained using the modi® ed method: M = 0.8.

The value for D k is somewhat arbitrary; it will be reduced if too
large and increased if too small. If the eigenvalue Ãp(0) has zero
imaginary parts and the derivative satis® es Im (d Ãp ¤

i /dk) (0) < 1,
then the eigenvalue Ãpi (0) is set to a small negativevalue ¡ ² to ensure
that the number of crossings of the line Im Ãp(k) = k is correctly
computed.

The use of the algorithm ensures that the number of roots nr is
correctly computed as well as establishes upper and lower bounds
for each of the roots with Im Ãp > 0. These bounds can now be used
in a safeguarded Newton method for accurate determination of all
the desired eigenvalues.

The safeguarded Newton method tries to take the pure Newton
step on each iteration if at least a moderate reduction is obtained in
the residual. If the reduction is not suf® cient, the method switches to
bisection.This way the localquadraticconvergencerateofNewton’s
method is combined with the robustness of bisection. If there are
two modes that cross the line Im Ãp(k) = k for the same value of k,
the rate of convergenceis reducedto thatof bisection.Consequently,
bisection is also used if there are coalescing eigenvalues to Eq. (7)
for which the derivative equation (13) does not exist.

It is now interesting to present results obtained using the mod-
i® ed method in a root-locus plot similar to Fig. 1, where the ba-
sic p±k method was used. The root-locus plot in Fig. 3 shows
the eigenvalues computed using the modi® ed method for the same
dynamic pressuresconsidered in Fig. 1. The improvement obtained
using the modi® ed method is obviousif Figs. 1 and 3 are compared.
The modi® ed method easily establishes the correct number and lo-
cation of all the eigenvalues of the nonlinear eigenvalue problem
(4), whereas the basic p±k method fails despite the very small steps
taken in Ãq .

Conclusion
The modi® ed method is not more ef® cient than the basic p±k

algorithm if the eigenvaluesare easy to ® nd, for example, when the
derivative Im (d Ãp/ dk) is close to 0. However, for the more dif® -
cult cases where small steps in dynamic pressure are necessary or
convergence of the basic algorithm is slow, the modi® ed method
may be many orders of magnitude more ef® cient. Note that it is not
necessary to trace the eigenvalues, with the dynamic pressure as a
parameter, to ® nd the eigenvalues for a particular ¯ ight condition if
the modi® ed method is used.
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Introduction

A DIFFICULTY in using modern control theory for the design
of aeroelastic control systems is the requirementof transform-

ing the unsteady aerodynamic forces, normally provided in the fre-
quency domain, into the time domain. The usual procedure is to
approximate the unsteady aerodynamic force as a rational function
in the Laplace domain.

Recently, a new formulation called eigenanalysis of unsteady
aerodynamics has provided a direct representation of the unsteady
aerodynamic loads in the time domain.1 The eigenmethods sug-
gested so far rely on the discrete-timedomain formulation that may
result in reduced-order models with complex coef® cients. For the
designsof closed-loopaeroelasticsystems, however, it is preferable
to haveaerodynamicmodels with real coef® cients in thecontinuous-
time domain.The purposeof this study is to constructa new aeroser-
voelastic model using a two-dimensional, incompressible aerody-
namic eigenformulationin thecontinuous-timedomain.The work is
basedon the discrete-timedomain eigenmodel by Hall.2 To obtaina
reduced-ordermodel with real coef® cients, a modal decomposition
technique that transforms the aerodynamic matrix into a canoni-
cal modal form is introduced. A simple typical section model with
two strain-actuated control inputs is used for an aeroservoelastic
design.

Unsteady Aerodynamic Modeling
We divide the bound vortex representing the airfoil into M el-

ements and divide the free vortex representing the traveling wake
into (N ¡ M) elements. The total number of vortex elements is N .

Given an (M £ 1) bound vortex vector C 1 and an [(N ¡ M ) £ 1]
wake vortex vector C 2 , the downwash in the discrete-spacedomain
is expressed as

W 3
4

= [K1 K2]{C 1

C 2} (1)
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where W3/ 4 is an (M £ 1) vector containing downwashes at three-
quarter points of the airfoil elements and K1 and K2 are the two-
dimensional kernel function matrices.

For conservation of vorticity in the discrete-space domain, it is
required that

¡ S1
ÇC 1 = ( C M + 1/ D x)U (2)

with S1 ´ b 1 1 ¢ ¢ ¢ 1 c (1 £ M). For the special case of D x = U D t ,
we can write

C n + 1
M + 1 + C n

M + 1 = ¡ 2

M

S i = 1

( C n + 1
i ¡ C n

i
) (3)

For convection of free wakes, we have

ÇC i = ¡ U
@C i

@x
(i = M + 2, . . . , N ) (4)

The free wake convection is convenientlydescribed in the discrete-
time domain as

C n + 1
i = C n

i ¡ 1 (i = M + 2, . . . , N ¡ 1)

C n + 1
N = w C n

N + C n
N ¡ 1 (0.95 < w < 1)

(5)

The weighting factor w in Eq. (5) is introduced to prevent sudden
change in the induceddownwash due to the ® nite lengthof the wake
vortex sheet.2

By putting Eqs. (1), (2), and (4) together, one can write the con-
tinuous model in matrix form:

Aa
ÇC 2 = (U/ D x)Ba C 2 + Ca

ÇW 3
4

(6)

The correspondingdiscretemodel can bewritten in a fashionsimilar
to but simpler than that of Hall2 as

Aad C
n + 1
2 = Bad C

n
2 + Cad

ÇWn + 1
3
4

(7)

where the time step in this discrete model is D t = D x/ U . In the
preceding equations, all matrices are known except for Ba . It can
be obtained by integrating Eq. (6) from t = t n to t = t n + 1 and
comparing the homogeneous part with that of Eq. (7):

Ba = Aa (A ¡ 1
ad Bad

) (8)

Reduced-Order Aeroservoelastic Model
To obtain a reduced-order model with real coef® cients, we ® rst

transform the aerodynamic matrix into a canonical modal form,

Acan = QT (A ¡ 1
a Ba

)P, QT P = IN ¡ M (9)

where P and QT , respectively,contain the right and left eigenvectors
of the system. In this form, pairs of complex conjugate eigenvalues
appear in (2 £ 2) blocksalong the diagonal,and the real eigenvalues
appear on the diagonal. We next decompose the unsteady vortex
into

ÅC 2 ’ PRq + ÅC s (10)

where PR contains the NR columns of P corresponding to the se-
lected NR eigenvalues, q is the generalized coordinate vector, and
ÅC s is a static correction.

Finally, for a typical section undergoingplunging Åh and pitching
motion a with bending and torsion strain actuation uh and u a , re-
spectively,one canwrite nondimensionalaeroservoelasticequations
of motion in the following form:

A ÇX = BX + Cu (11)


